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Tensor Methods in StatisticsTensor Methods in Statistics
(P. Mc Cullagh) 1987

� In matters of aesthetics and mathematical notation, no one loves an 
index. According to one school of thought, indices are the pawns of an 
arcane and archaic notation, the front-line troops, the cannon fodder, 
first to perish in the confrontation of an inner product. Only their 
shadows persist. 

Only their shadows persistOnly their shadows persistOnly their shadows persistOnly their shadows persistOnly their shadows persistOnly their shadows persistOnly their shadows persistOnly their shadows persist
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Tensor Methods in StatisticsTensor Methods in Statistics
(P. Mc Cullagh) 1987

� This extreme scorn and derision for indices is not universal. It can 

be argue, for example, that a “plain unadorned letter” conceals 

more than it reveals. Like the grin on Alice’s cat, the indices can 

remain long after the symbol has gone. Just as the grin rather than 

the Cat is the visible display of the Cat’s disposition, so too it is the 

index, not the symbol, that is the visible display of the nature of the 

mathematical object.

{ } "represents" iaα iα ??
ia
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How? How? 
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Where?Where?

The The ClassicalClassical UmbralUmbral CalculusCalculus.
(1994) SIAM J. Math. Anal., G.-C. Rota, B. Taylor

The The numbernumber of of partitionpartition of a setof a set
(1964) Amer. Math. Monthly, G.C. Rota

A A selectedselected surveysurvey of of umbralumbral calculuscalculus
(2000) Electron. J. Combin A. Di Bucchianico, D. Loeb

(1932-99)

UmbralUmbral nature of nature of PoissonPoisson randomrandom variablesvariables
(2001) Algebraic Combinatorics and Computer Science:
a tribute to G.C. Rota (Springer) E. Di Nardo, D. Senato

AnAn umbralumbral settingsetting forfor cumulantscumulants and and factorialfactorial momentsmoments
(2006) Europ. Jour. Comb. E. Di Nardo, D. Senato
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The classical The classical umbralumbral calculuscalculus

{ }, , , whose elements are called    alphabet uA mbraeα β γ= …

  the field of real numbersR

[ ]A  (evaluation)  :  such that linear functi E R A Ronal →

[ ])  1 1

    

;

) i j k i j k

i

uncorrelation pr

E

ii E E E E opertyα γ δ α γ δ

=

       =       ⋯ ⋯

Special umbrae:

0, such that  ,   k
kEaugment kation ε ε δ ⇒ = ∀ ∈ Ν 

 such that ,  1ku E uunity k ⇒ = ∀ ∈ Ν 
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1 2  A sequence 1, , ,  in  is said to be

by an umbra  when 

umbrally representeda a R

α
…

,   0,1,2,i
iE a iα  = = … 

� It has been argued that the notions of sample space and event are 
redundant, and that all of probability should be done in terms of 
random variables alone…How would one introduce probability in 
terms of random variables alone? This is a subject that has been
thoroughly studied and a brief mention will suffice. One takes an 
ordered commutative algebra over the reals, and endows it with a 
positive linear functional E[X]. The elements of the algebra will be the 
random variables and the linear functional is the expectation of a 
random variable.

MOMENTSMOMENTS

G.C. Rota, Twelve problems in probability no ones like to bring up – problem 
one: the algebra of probability. (The Fubini Lectures,1998)
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UmbralUmbral equivalenceequivalence
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Similarity equivalenceSimilarity equivalence

Two umbrae  and  are said to   be  whensimilarα γ

,  in     symbo s ln nE E n = 0,1,2,…α γ α γ   = ≡   

' ''  where , ', , ''  are distinct and similar
m
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�������

m α• AuxiliaryAuxiliary umbraeumbrae –– SaturatedSaturated umbralumbral calculuscalculus
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Why? Why? 
General applicability of symmetric function algebra in statistical
calculations involving moment (of moment) estimations

AUGMENTED SYMMETRIC FUNCTIONSAUGMENTED SYMMETRIC FUNCTIONS

F.N. David, M.G. Kendall, D. E. Barton – Tables (1966) - Pearson

The idea of we believe to be ours

A A fundamentalfundamental resultresult in Moment in Moment EstimationEstimation
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Why? Why? 
•• AlgebraicAlgebraic complexitycomplexity

• AmountAmount of work of work requiredrequired toto reachreach itit

UmbralUmbral calculuscalculus

+
SymbolicSymbolic

computationcomputation

A A fundamentalfundamental resultresult in Moment in Moment EstimationEstimation
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UmbralUmbral polynomialpolynomial
A polynomial  is called an . umbral polynp R omial∈

' ''α α α+ + +⋯ ' ' '' ''χα χ α χ α+ + +⋯

Special umbrae:

1, such that ,  1,   2, k
kEsingleton kχ χ δ ⇒ = =  …

( )2
' ' '' ''χα χ α χ α+ + +⋯ ( )( )2 2 ' 'χ α χα χ α= +∑ ∑

( )2
' ' '' ''χα χ α χ α+ + +⋯

E

( )( )' 'χα χ α≈∑  'α α≈∑

Umbral elementary symmetric polynomial( ) 2
n χα•  

•• AlgebraicAlgebraic complexitycomplexity
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UmbralUmbral polynomialpolynomial

( ) ( )2 3n nχα χα• •      ( ) ( )( )2 33' ' ' 'χα χ α χα χ α⇐ + + + +⋯ ⋯

( )( ) ( )2 2 3' 'χ α χα χ α χα = + ∑ ∑ ∑ ( )( )( )3' ' '' ''χα χ α χ α≈∑
Augmented symmetric polynomial

A A fundamentalfundamental resultresult in Moment in Moment EstimationEstimation
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UU--statisticstatistic
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kk--statisticstatistic
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E. Di Nardo, G. Guarino, D. Senato

(Herbert S. Wilf 1990)
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• AmountAmount of work of work requiredrequired toto reachreach itit

AUGMENTED SYMMETRIC FUNCTIONSAUGMENTED SYMMETRIC FUNCTIONS POWER SUMSPOWER SUMS
In terms of

SymbolicSymbolic computationcomputation forfor statisticalstatistical inferenceinference
(2000) Oxford Statistical Science Series, D.F. Andrews, 
J.E. Stafford

MathStaticaMathStatica: a : a symbolicsymbolic approachapproach toto computationalcomputational

mathematicalmathematical statisticsstatistics (2008) C. Rose (next speaker)

SymbolicSymbolic computationcomputation of of momentsmoments of of samplingsampling

distributionsdistributions (2008) Comp. Stat. Data Analysis E. Di Nardo,
G. Guarino, D. Senato 
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n α α α α• ≡ + + +⋯
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Special resultsSpecial results
It is possible to build fast algorithms by forfeiting the elegant idea to produce 
one algorithm for the whole subject.

KK--statisticsstatistics
CumulantsCumulants of compound of compound 

Poisson random variablesPoisson random variables

Exponential polynomialsAUGMENTED POLYNOMIALSAUGMENTED POLYNOMIALSAUGMENTED POLYNOMIALSAUGMENTED POLYNOMIALS
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2.0800.166.90-
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32.1140.8081.70-

9.3630.3325.15-

0.9170.082.6357982.4

0.3290.020.64396.39

0.0840.010.148.36

0.0170.010.020.31

0.0080.010.010.06

Mathstatica 2UmbralMathstatica 1A&SK-statistics
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Maple 10.0 
Mathematica 4.2

Mac OSX 
CPU 2.8Ghz 
Mathematica 6.0.2
Private communi-
cation, C.Rose
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A new A new methodmethod forfor fast computing fast computing unbiasedunbiased estimatorsestimators of of cumucumu--

lantslants (2008) Statistics and Computing E.Di Nardo, G. Guarino, D. Senato
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Cumulants as non-Gaussian qualifiers Ferreira,P.; Magueijo, J. Silk, 
J. Phys.Rev. D (1997) 

The higher-order k-statistics are listed by Stuart & Ord (1994) up to
r = 8 but are extremely lengthy to write out in full.

Wavelet analysis and the detection of non-Gaussianity
in the cosmic microwave background. Hobson, M. P.; Jones, 
A. W.; Lasenby, A. N. Monthly Notices of the Royal Astronomical
B. Society, (1999)

Higher Order Cumulants of Random Vectors and Applications to
Statistical Inference and Time Series. Rao J., Subba T., Terdik G. Sankhya (2006)

Cumulant Analysis in Fluorescence Fluctuation Spectroscopy.
Muller, J.D. Biophys J. (2004)

Why kWhy k--statistics? statistics? 
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Concluding remarksConcluding remarks

Unbiased estimators of population moments

Population moments of sample moments

H-statistics

L-moments and trimmed L-moments have been noticed as appealing alter-
natives to conventional moments. 

Karvanen, J., 2006. Estimation of quantile mixtures via L-moments and trimmed
L-moments. Comput. Statist. Data Anal., 51, 947-959.

On the basis of this result, the umbral calculus can be interpreted as a cal-

culus of measures on Poisson algebras,  generalizing compound Poisson

processes. The umbral calculus S. Roman, G.C. Rota (1978) Adv. Math.
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